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 .If G is a group acting on a finite-dimensional GF 2 -vectorspace V and
<  . < < <G contains an elementary abelian subgroup A such that V : C A F AV
<  . < < <or V : C A F 2 ? A , then V is called an F-module resp. F -module forV 1
G and the group A is called an offending subgroup.
F- and F -modules arise, for example, when one is applying the amal-1
gam method in the classification of parabolic systems. They are interesting
in so far as groups usually possess few different F -modules and often the1
action on these modules is more or less known.
Here we determine the F- and F -modules for a group G which is1
generated by three subgroups P , P , P with the following properties:1 2 3
 :  :  4  4yGs P , P , P /G s P , P for i , j, k s 1, 2, 31 2 3 i j k
yP rO P ( S and S s P l P l P g Syl G .  .i 2 i 3 1 2 3 2 i
for i s 1, 2, 3
yG rO G ( A , S , 3 A , or 3S , .i 2 i 6 6 6 6
) .
4 < < 52 F O G F 2 , C G s 1 for i s 1, 3 .  .2 i O G . i2 i
yG rO G ( S = S and V Z S 1 G . .  . .2 2 2 3 3 1 2
 4  .The set P , P , P provides a so-called semi- classical parabolic system1 2 3
 . . 3;2;1 wfor G corresponding to the diagram . It was shown in Str,o o o
 .x  .1.10 that if G rO G ( A or S for i s 1, 3, then G does not possessi 2 i 6 6
 .an F -module. But this is no longer true if we allow G rO G ( 3 A or1 i 2 i 6
 .3S for some i: The group 3U 3 is known to have a parabolic system with6 4
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3;21  .  .diagram and satisfying ) . Since 3U4 3 is isomorphic to ao o o
 .subgroup of SU 2 , the group acts on a 12-dimensional module over6
 . GF 2 , and it can be seen that this module is an F -module although we1
 .  .  .will show that only the groups 3U 3 2 and 3U 3 4 but not 3U 3 itself4 4 4
.contain an offending subgroup .
 .Because of the sporadic behaviour of the group U 3 , amalgams of type4
 .) often arise in the context of groups and geometries. Since the universal
 .cover of the U 3 -amalgam is known to be infinite, for applying the4
amalgam method, knowledge of the small modules for the amalgam and
 .  ..not only for the groups U 3 resp. 3U 3 is needed. The aim of this paper4 4
is to prove the following theorem, which is therefore an important contri-
bution to the classification of semiclassical parabolic systems.
 .THEOREM 1. Let G be a group satisfying ) and V an irreducible
 .nontri¨ ial GF 2 G-module. Then the following holds:
 .1 V is not an F-module.
 .  .  .2 If V is an F -module, then dim V s 12 and GrC V ( 3U 3 21 G 4
 .or 3U 3 4.4
For the rest of the paper we fix the following notations: If G is a group
 .  .satisfying ) , then for i s 1, 2, 3, we set K s O G . For i s 1, 3, we seti 2 i
 . 2 .  .N s O G , L s O G , and Q s O L , and by Q we denote thei 3 i i i i 2 i 2
extraspecial normal subgroup of G of order 25.2
We remark that, for i s 1, 3, K is isomorphic to a section of thei
permutation module for S and many of the calculations in G and G6 1 3
can most easily be carried out in the semidirect product of this module
with S . For example, one can show that all involutions in L are6 i
conjugate and that the 2-rank of G is at most five. These facts we willi
frequently use without always mentioning them explicitly.
w xWe also remark that by Tim, Theorem 2 the extensions K 1 G ,i i
< < < < 4i s 1, 3, split except possibly if K s K s 2 and G rK ( G rK (1 3 1 1 3 3
S .6
In Section 1 we determine the small modules for a group G satisfying
 .) , i.e., we show that G has no F-module, and that dim V s 12, if V is an
F -module for G. In Section 2 we prove Theorem 2 stated below, which as1
 .a corollary yields the uniqueness of GrC V , i.e., the last statement ofG
Theorem 1.
 .THEOREM 2. Let G be a group satisfying ) . Suppose V is an irreducible
 .GF 2 G-module with dim V s 12 such that 1 / N acts nontri¨ ially on V.1
 .  .  .  .Then GrC V ( 3U 3 , 3U 3 2, or 3U 3 4.G 4 4 4
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1. DETERMINATION OF THE MODULE
In the first three lemmas we collect some useful results from other
papers.
 .LEMMA 1.1. Let G be a finite group, p a prime, Q s O G / 1, elemen-p
 . .tary abelian and irreducible as GF p GrQ -module. Further let V be a
 . w xGF p G-module with V, Q, Q s 0. Then:
 . w x  . w x  . .1 If V, G F C Q then V, Q is a direct sum of GF p GrQ -V
modules which are isomorphic to Q.
 . ww x x  .2 If V , Q , G s 0 then VrC Q is a direct sum ofV
 . .GF p GrQ -modules which are isomorphic to the dual of Q.
w  .xProof. See Par, 2.9 .
 .LEMMA 1.2. Let G s 3S and V be an irreducible GF 2 G-module.6
 . w  .x  4 w  .x1 If V, O G s 0 then dim V g 1, 4, 16 and if V, O G / 03 3
 4then dim V g 6, 18 .
 . <  . < 62 If dim V s 18 then V : C t G 2 for all in¨olutions t g G.V
 . w x  . w  .xProof. Part 1 can be found in Tim , 2 in Par, 1.8 .
 4LEMMA 1.3. Let G s 3S , P , P be a parabolic system for G, A F G6 1 2
 .an elementary abelian 2-group, and V the irreducible 6-dimensional GF 2 G-
module. Then:
 . <  . <1 V : C t s 4 for all in¨olutions t g G9.V
 . <  . <2 V : C t s 8 for all in¨olutions t g G _ G9.V
 . < < < <3 If A acts quadratically on V then A F 4, and if A s 4 then
 . w x <  . < 2 4A F G9, A 1 P or P , C A s V, A , and V : C A s 2 or 2 .1 2 V V
 .4 Up to renaming the parabolics we ha¨e the series
2 1
< <V ( and V ( .1 [ 2 2 [ 1P P1 2 /  /1 2
w xProof. This can be found in Par or calculated using the embedding
 . w x w G F L 2 provided in Row . We remark that we have dim V, O P l6 2 1
.x w  .x  .G9 s 2 and dim V, O P l G9 s 4 under the numeration of 4 .2 2
The following lemma shows that if V is an F -module for a group G1
 .satisfying ) , then V must involve a faithful 3 A -module.6
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 .LEMMA 1.4. Let G be a group satisfying ) and 0 / V an irreducible
 .nontri¨ ial GF 2 G-module. Suppose
C Q , N s 1 / C Q , L q .  .  .V 1 1 V 1 1
  . .i.e., C Q in¨ol¨ es a nontri¨ ial A -module . ThenV 1 6
 . < < w x1 There is no W F S, W s 4, with V, W, W s 0.
 .2 V is not an F -module.1
Proof. If G rK ( A or S for i s 1, 3 i.e., the diagram D belongingi i 6 6
. w  .  .xto G does not contain any ``; '' , it was shown in Str, 1.9 , 1.10 that
w xthere is no W F Q , i s 1, 3, with V, W, W s 0 and that V is not ani
w xF -module. Checking the proofs in Str one sees that they essentially rely1
 .on the fact that A does not possess a GF 2 -module on which both6
conjugacy classes of foursgroups act quadratically. Therefore the state-
w  .  .xments of Str, 1.9 , 1.10 also hold if we allow L rQ ( 3 A for some ii i 6
 .and assume q . As the existence of a quadratic foursgroup W F S implies
Ä  w  .x.that of one W F Q cf. Wie, 2.8 the lemma is proved.i
Now we are able to determine the small modules for groups satisfying
 .) .
 .LEMMA 1.5. Let G be a group satisfying ) and V a nontri¨ ial irreducible
 . w  .xGF 2 G-module. Choose numeration such that L , C Q / 0. Then:1 V 1
 .1 V is not an F-module.
 .2 If V is an F -module, then dim V s 12, L rQ ( 3 A , and as1 1 1 6
irreducible L rQ -factors V in¨ol¨ es two 6-dimensional modules. Further-1 1
w xmore, K ) Q and V, K , K s 0.1 1 1 1
 . w xProof. Let V s C Q . By assumption V , L / 0. If V involves a1 V 1 1 1 1
 .nontrivial A -module, V is not an F -module by 1.4 and we are finished.6 1
w  . xSo we only have to consider the case N / 1 and C N , L s 0.1 V 1 1
  . w xNotice that V s C N [ V, N , where both factors are invariant un-V 1 1
.der the action of G .1
First we derive some lower bounds for the codimensions in V of the
centralizers of involutions and certain elementary abelian 2-subgroups
of G.
w x  .If L , V F V , then Q acts quadratically on V and by 1.1 , V must1 1 1 1
involve a module isomorphic to Q . But we have just excluded this1
 .possibility. So VrV also involves a nontrivial 3 A -module and 1.2 yields1 6
< < < < 6V : C Q s V : V G 2 . 1 .  .V 1 1
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 . .Moreover, if V is an F -module, then 1.2 2 shows that V only involves1
 .6-dimensional modules as nontrivial L rQ -factors and by 1.3 we get1 1
< < 4V : C t G 2 for all t g L , o t s 2, 2 .  .  .V 1
and
< < 6V : C t G 2 for all t g G _ L K , o t s 2. 3 .  .  .V 1 1 1
w xLet K ) Q , t g K _ Q , and g g G with t, g / 1. Then1 1 1 1 1
2g< < < < <C t C t C t .  .  .V V Vg g< < < <C tt G C t l C t s G , .  .  .V V V g< < < <C t C t V .  .V V
<  . < 2 <  g . < g  .so V : C t G V : C tt and as tt g Q with 2 we getV V 1
< < 2V : C t G 2 for t g K _ Q . 4 .  .V 1 1
Further, if A F S is elementary abelian, A g K , and there exists 1 / t g1
A l Q , we have1
< < < < < <V : C A s V : C A l Q ? C A l Q : C A .  .  .  .V V 1 V 1 V
< < < <G V : C t ? C A C Q : C A .  .  .  .V V V 1 V
< < < <s V : C t ? C Q : C Q l C A .  .  .  .V V 1 V 1 V
5 .
< < < < 4 2s V : C t ? V : C AQ rQ G 2 ? 2 . .  .V 1 V 1 11
 .  .Using 2 and 1.3 this yields
< < 6V : C A G 2 for A F S, A g K , A l Q / 1. 6 .  .V 1 1
Now let's suppose that V is an F-module and A is an offending subgroup.
< < 5 < < 3 <  . < <  . <As A F 2 , AK rK F 2 , and V : C t F V : C A for any t g A,1 1 V V
 .  .  .2 and 3 immediately imply A l K / 1. Now it follows from 6 that1
either A F K or A l Q s 1 / A l K .1 1 1
 . < < 4 < < 3In the first case A l Q / 1 by 4 , thus A G 2 and A l Q G 2 by1 1
 .  .2 . By 1
< < 6 < < < <V : C Q G 2 ) A G V : C A , .  .V 1 V
< < 4  .  .  .so Q g A and A s 2 . Now 2 yields C t s C A for all 1 / t g1 V V
A l Q . As all involutions in Q are conjugate in G , we may assume that1 1 1
 :   ..  .  .z g A with z s V Z S . Then G acts on C z s C A . But there1 2 V V
g  .  g .  .is g g G such that z / z g A. Hence C A s C z and C A is1 V V V
 g:normalized by G , G s G, a contradiction.2 2
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 .  . < < 4 < < 3In the second case 2 and 3 imply A G 2 . Hence AK rK G 2 . As1 1
the 2-rank of A is two, A contains an element t g G _ L K . Now we6 1 1 1
 .  . .get a contradiction with 3 and 1.5 1 is proved.
<  . < < <Now suppose V : C A s 2 ? A , i.e., V is an F -module. Again it isV 1
 .  .easy to see that 2 and 3 together imply A l K / 1.1
 . < < 5If A l Q / 1 and A g K , then 6 implies that A s 2 and that all1 1
 . <  . < 2inequalities in 5 are actually equalities. In particular, V : C A s 2 .1 V1
Thus A cannot contain any element in G _ L K , because otherwise we1 1 1
 . < < 2would get a contradiction to 1.3 . So AK rK F 2 . But an easy calcula-1 1
<  . < 3tion with the permutation module shows that C t F 2 for t g L _ K ,K 1 11
 . <  .  . < 2o t s 2, and C t l C s F 2 for two different commuting involu-K K1 1
< < 4tions t, s g L _ K . This implies A F 2 , again a contradiction.1 1
 . < < 3  .If A F Q , then 2 implies A G 2 . Since A / Q by 1 , we get1 1
< < 3  .  . aA s 2 . But now again C A s C t for all t g A , which yields aV V
contradiction as above.
So it follows from the last two paragraphs that K ) Q and there exists1 1
 .an element t g A l K , t f Q . Let's consider the action of C t on1 1 L1w xV, t . Calculating in the permutation module one can see that L rN has1 1
two orbits on K _ Q with centralizers isomorphic to E A resp. E Z =1 1 16 5 16 3
.Z Z .3 4
<w x < 4  . ww x xSuppose V, t F 2 . Then the structure of L 2 ( A yields V, t , Q4 8 1
 : w xs 0 in both cases. As K s Q t , now we get V, t, K s 0 and also1 1 1
G G1 1 :w x w x0 s V , t , K s V , t , K s V , K , K .1 1 1 1
<w x < 5 < < 4  .If V, t G 2 , then A G 2 . Now it follows from 3 and the fact that A
 . < < 3does not fulfill the assumption of 6 that A F K . Then A l Q G 21 1
and as all subgroups of order 8 of Q are conjugate in G , we may assume1 1
 . . gQ l Q F A. Now there is g g G such that Q s Q l Q Q l Q .1 2 2 2 1 2 1 2
 .  . gApplying 6 to Q l Q we get1 2
< < < < < <2 ? A s V : C A G V : C A l Q .  .V V 1
q 6< < < <G V : C Q l Q s V : C Q l Q G 2 . .  . .V 1 2 V 1 2
6 <  . < < <  .  .Thus A s K and 2 s V : C K s V : V by 1 , i.e., V s C K1 V 1 1 1 V 1
and K acts quadratically on V in this case, too. Thus the second part of1
 .2 is shown.
 .To complete the proof of 2 it remains to show dim V s 12. First of all,
< < 3  .K K rK s 2 , and by 1.3 no subgroup of 3S of order 8 acts quadrati-1 3 3 6
cally on the faithful 6-dimensional module. Therefore, the G rK -module3 3
w xV can only involve 4-dimensional and trivial modules, i.e., V, N s 0.3
w  . x  .Now if C S , L / 0, 1.4 yields that V is not an F -module. HenceV 3 1
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w  . x  .  .  :C S , L s 0 and C S l C N is centralized by L , L , S s G.V 3 V V 1 1 3
 . w xIrreducibility of V yields C N s 0 and V s V, N , i.e., V involves noV 1 1
trivial G rK -factor and dim V is a multiple of 6.1 1
Suppose dim V ) 12. Then V involves at least three 6-dimensional
<  . < 6 <  . < 3G rK -modules and V : C t G 2 for t g L and V : C t G 2 for1 1 V 1 V
 .t g K _ Q , o t s 2. This immediately implies A l Q / 1, therefore1 1 1
< < 5  .A s 2 and, since case 6 was shown to be impossible, A s K . But now,1
 :   ..  .  .for z s V Z S we get the contradiction C z s C K 11 V V 1
 :G , G s G.2 1
 .2. THE ISOMORPHISM WITH 3U 34
 .LEMMA 2.1. Let G be a group satisfying ) . Suppose V is an irreducible
 .GF 2 G-module with dim V s 12 such that 1 / N acts nontri¨ ially on V.1
  ..Then the following holds where V s C Q :1 V 1
 . < < < < 6 w x w x1 V s V : V s 2 , V s V, K , and V, K , K s 0.1 1 1 1 1 1
 . <  . < 4 a  .2 V : C t s 2 for t g Q , o t s 2.V 1
 .3 The G rK -module V has the structure1 1 1
2 1
< <V ( and V (1 [ 2 2 [ 1P r K P r K1 12 1 3 1 /  /1 2
and VrV is the module dual to V .1 1
 .  . w  .x4 dim C Q s 2 and L , C Q s 0.V 3 3 V 3
 . w x w x  .5 V, Q , Q , Q s 0 and V, Q rC Q is a direct sum of two3 3 3 3 V 3
isomorphic L rN Q -modules of dimension 4.3 3 3
w x  .  .Proof. We have V s V, N [ C N . Suppose C N / 0. Then1 V 1 V 1
w x w x  .dim V, N s 6 and V, N is an irreducible G -module by 1.2 . As Q1 1 1 1
w x  . ww x x  .acts on V, N and C N , we get V, N , Q s 0 and C N l1 V 1 1 1 V 1
 .  . w  . < 5 < <C Q / 0. Hence dim C Q G 7 and V : C Q F 2 s 2 ? Q inV 1 V 1 V 1 1
 .contradiction to 1.5 . Thus N acts fixed-point freely on V and this1
 .immediately implies 1 .
a  . <  . < 6Let t g Q . Then clearly V F C t and V : C t F 2 . As all involu-1 1 V V
 :   ..tions in Q are conjugate in G we may assume t s V Z S . Then G1 1 1 2
 .  .  :acts on C t and C t ) V , because otherwise G , G s G wouldV V 1 1 2
w x  .stabilize V . Further, as t, N s 1, N also acts on C t . Since N acts1 1 1 V 1
< <  .fixed-point freely on V and N s 3, dim C t must be even. On the1 V
<w x < 4  . .Äother hand, t is conjugate to t g L _ Q . Hence V, t G 2 by 1.3 11 1
 .and 2 follows.
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 :  .  .  .Now let Q l Q s s, t . Then V F C Q l Q s C s l C t1 3 1 V 1 3 V V
 .and C Q l Q is invariant under G l G s P and N . So on the oneV 1 3 1 3 2 1
 .  .  .hand C Q l Q / C t , on the other hand dim C Q l Q mustV 1 3 V V 1 3
 .be even. This implies C Q l Q s V . Choose g g G such that Q sV 1 3 1 3 3
 . . gQ l Q Q l Q . Then1 3 1 3
g
C Q s C Q l Q l C Q l Q .  .  . .V 3 V 1 3 V 1 3
gs V l C Q l Q s C Q Q rQ .  . .1 V 1 3 V 3 1 11
 .  4  .and dim C Q Q rQ g 2, 4 by 1.3 .V 3 1 11 w x w x w x w xFurthermore, we have V, t F V, Q lQ F V, Q sV and V, t /1 3 1 1
w x w x w xV, Q l Q by similar arguments. Hence V, Q l Q s V, Q s V ,1 3 1 3 1 1
w x <w x < 2 4  .V F V, Q and VrV , Q K rK s 2 or 2 by 1.3 . In particular,1 3 1 3 1 1
<w x < 8 10 w x  .V, Q s 2 or 2 and V, Q g C Q , i.e., Q does not act quadrati-3 3 V 3 3
cally on V. But since Q K rK acts quadratically on VrV , we have3 1 1 1
w x w xV, Q , Q F V and V, Q , Q , Q l Q s 0. Now also3 3 1 3 3 1 3
G3 w x0 s V , Q , Q , Q l Q s V , Q , Q , Q . .3 3 1 3 3 3 3
w  . x  .If C S , L s 0, from 1.3 we get the decompositionV 3
2
<V ( ,1 [ 2P r K1 2 1  /1
 .  .   ..which yields 4 and the first part of 3 . Choose t g V Z S as before.1
 . w x  .  .Then P F C t l G . Now V, t ( VrC t as a module for C t .3 G 1 V G
w x <w x < 4Since V, t F V and V, t s 2 we must have1
2< <w xVrC t ( V , t ( . P r K P r KV 3 1 3 1  /2
 .by the first part of 3 . As this arises at the top of VrV , the second part of1
 .  .  .3 follows again from 1.3 . Moreover, we must have dim C Q s 2 andV 3
w xdim V, Q s 10.3
 . w x w x  .Applying 1.1 to V, Q we get that V, Q rC Q is a direct sum of3 3 V 3
two modules isomorphic to the dual of Q and we are finished.3
w  . xThus to complete the proof it remains to show that C S , L s 0. SoV 3
 .suppose this is false. Then C Q must be a 4-dimensional L rN Q (V 3 3 3 3
<w x < 4A -module. As V, t s 2 and t is conjugate to an involution in L _ Q ,6 3 3
 .V involves at most two nontrivial L rQ -factors. So VrC Q involves3 3 V 3
 .only one nontrivial L rQ -module. As Q acts quadratically on VrC Q ,3 3 3 V 3
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 .1.1 yields that this is again a 4-dimensional module. But now L acts3
trivially on a section of dimension greater than 2 in V, which implies that
 .C L / 0, a contradiction.V 3
 .LEMMA 2.2. Let V be a finite-dimensional ¨ector space o¨er GF 2
 . 3 2 2 s y1and 1 / j , s , t g GL V satisfying j s s s t s 1, j s j , and
w x w xj , t s s , t s 1. Then:
 . <w x < <w x < 2 w x w x1 V, j F V, s and dim V, j s 2 ? dim V, j , s .
 . <w x < <w x < 2 w x w x2 If V, j s V, s then V, s F V, j .
 . <w x < <w x < 2 <w x < 2 w x w x3 If V, j s V, s s V, st then V, t F V, j .
 . <w  . x < <w x <4 VrC t , j s V, t , j .V
 .  .  . w x  .  .5 In 2 we ha¨e C s s V, s [ C j . In 3 the same holdsV V
<w x < <w x < 2for t under the additional assumption V, j s V, t .
 .  . w  .xProof. The assertions 1 to 4 are shown in Thi, 4.4 but for
 :convenience of the reader we reproduce the proof here. We have j , s
 j :s s , s , therefore
j<  : < < <w xV , j s V : C s , s r C j : C j l C s .  .  . .V V V V
< < < j < < <s V : C s C s C s : C s r C j C s : C s .  .  .  .  .  .  .V V V V V V V
22< < w xF V : C s s V , s . .V
w x w x w x w xIn particular, dim V, j s dim V, j , j F 2 dim V, j , s F dim V, j and
 . <w x < <w x < 2 w x w x w x1 is shown. If V, j s V, s , then V, s s V, j , s F V, j , which
 .  .  .is 2 . Moreover, we have C j F C s , and under the assumption ofV V
 .  .  :.  .  . w x3 we also get C j F C s , st F C t . Since VrC t and V, tV V V V
 :  .are isomorphic s , t -modules this implies 4 .
 .  .  .We have already seen that in case 2 , C j F C s . So we haveV V
w x  .  .  . w x  . w xV, s C j F C s , since o s s 2, and V, s l C j F V, j lV V V
 .  .C j s 0, since o j s 3. HenceV
w x w xdim V , s C j s dim V , s q dim C j .  . .V V
w x w xs dim V , j y dim V , s q dim C j .V
w xs dim V y dim V , s s dim C s .V
 .  .  .and the first statement of 5 follows. In case 3 we have C j FV
 .  .  .  .C s l C st , hence also C j F C t and we can prove theV V V V
second statement analogously.
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From now on let G and V satisfy the hypothesis of Theorem 2. Let
 .  :   ..V s C Q and z s V Z S . Further notice that, since N / 1, G1 V 1 1 1 1
Ä Ä Äsplits over K . So there exists G F G such that G s K G and G ( 3 A1 1 1 1 1 1 1 6
or 3S .6
 .We will show in 2.4 that the situation described in the next lemma is in
fact realized in G.
LEMMA 2.3. Let t g Q , x g P , and r g P such that x 3 s r 3 s t 2 s3 3 1
w x t y1r, x s 1 and x s x . Then
 .  . w x  .1 C t s V, t [ C x ,V V
 . w x w x  . w x  .2 V, z s V , x and C z s V , x [ C x ,1 V 1 V
 . w x w x  .3 V, t l V s V , t s C Q ,1 1 V 3
 . w x  . w x  .4 V, r s C x and V, x s C r .V V
 . .Proof. Since t g Q , t is conjugate to z and tz and 2.1 2 yields3
<w x < <w x < <w x < 4  . . <w x < 8V, t s V, tz s V, z s 2 . By 2.1 3 we have V, x s 2 , so
 .  .V, x, t, z satisfy all the hypotheses of 2.2 and 1 and the second state-
 .  . .ment in 2 follows from 2.2 5 .
 . . w x w xMoreover, 2.2 3 yields V, z F V, x , and since z g Q , we get1
w x w x w x w x w x <w x < 4V, z F V, x l V, Q s V, x l V s V , x . Now V , x s 2 s1 1 1 1
<w x <  .V, z implies the first statement of 2 .
<  . < 2 w xAs Q acts quadratically on V and C Q s 2 , we have V , t F3 1 V 3 1
 .  . 2 <w x <C Q and 3 follows from 2 s V , t .V 3 1
w x  . w x  . w xFurther, r acts on V, x , C x , V, z , and C z , and since z, G s 1,V V 2
w x w  . x  .V, z is even invariant under P . As C Q , L s 0 we have C Q F1 V 3 3 V 3
w x  . w x  .  . .  .V, x , so C Q F V, z by 2 . By 2.1 5 there are C Q F W FV 3 V 3 i
w x w x w xV, Q , i s 1, 2, such that L , W F W and V , Q s W [ W , where3 3 i i 3 1 2
w x  .  .w xV , Q s V, Q rC Q . Since by 2.1 , V involves four nontrivial P -3 3 V 3 2
w x w xmodules and V, L F V, Q , each W must involve two nontrivial P -3 3 i 2
w xmodules, hence only one nontrivial P -module. Suppose V, z l W F1 1
 .C Q . ThenV 3
w x w x w xV , z rC Q ( V , z W rW F V , Q rW ( W . .V 3 1 1 3 1 2
<w x  . < 2But as V, z rC Q s 2 this is a contradiction to what we haveV 3
w x . w xjust said about the action of P . So dim V, z l W s 3, V, z, P F1 i 1
 .  . w x w xC Q s C L , and V, z, r s 0. As also z, r, V s 0, the ThreeV 3 V 3
w x w x  .  .Subgroup Lemma yields V, r, z s 0, i.e., V, r F C z . Now 2 impliesV
w x w x w xV , r s V , r , r F C z , r s V , x [ C x , r .  .V 1 V
w xs V , z [ C x , r s C x , r F C x .  .  .V V V
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 . <w x < 4 <  . <and the first statement of 4 follows from V, r s 2 s C x . TheV
second statement we get either again with the Three Subgroup Lemma
w x w xapplies to V, r, x s 0 s r, x, V or from
w x w xV , x s V , r [ C r , x s C r , x F C r . .  .  .V V V
 .We represent the results of 2.3 in Fig. 1.
 :LEMMA 2.4. Let L s S , x, r F G , where S s S l L and x g P ,2 0 2 0 1 3
3 3 w x  :.  :r g P such that x s r s x, r s 1. Then N x, r s x, r, t, u with1 L2t y1 u y1 w x w x 2 2  .2x s x , r s r , x, u s r, t s 1, u s t s 1, and ut s z. More-
w x  .w x w x. w xo¨er, u g Q , t g Q , V, u s C x V, u l V , x , and dim V, u l1 3 V 11w x.V , x s 2.1
 .  :Proof. We have Q s O L , L rQ ( S = S , and Q x, r 1 L .2 2 2 2 2 3 3 2 2
 :.By the Frattini argument we get L s Q N where N s N x, r . Since2 2 L2
 :.  :Q l N F C x, r and x and r act fixed-point freely on Q r z , we2 L 22
 :have Q l N s z . Now2
 :Nr z ( Nr N l Q ( NQ rQ s L rQ ( S = S , .2 2 2 2 2 3 3
 :  :  :.  :.hence x, z 1 N and, again by Frattini, N s z, x N x s N x ,N N
 : < < 3 <  . < 2i.e., x 1 N. Now N l S s 2 implies that C x l S s 2 and a0 N 0
 .  .calculation in G with the permutation module shows that C x s C x .1 N Q1
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Calculation with the permutation module also shows that ut / u for
 .  : t y1  .2u g C x _ z and t g S with x s x . Hence tu s z. AnalogousQ 01
calculations in G yield t g Q and the relations for r.3 3
w x w xFinally, x acts on V, u , and since u g Q , we have V, u F V . Hence1 1
w x w x w x w xV , u s C x [ V , u , x F C x V , u l V , x . .  .  .wV , ux V 11
1 . . w x w xOn the other hand, by 2.2 1 we have dim V, r, u s dim V, r s 2 and2
 . . w x w  . x w x  ..by 2.3 4 we have V, r, u s C x , u . Therefore, dim V, u l C xV V
 .  . w x  .G 2 s dim C x , i.e., C x F V, u , we get equality in 1 and alsoV V1 1
w x w x.dim V, u l V , x s 2.1
 .Remark 1. Let S s S l L . As L acts trivially on C Q and0 1 3 V 3
w x w x w x w  . xVr V, Q , we have V, S F V, Q and C Q , S s 0. Further, in the3 0 3 V 3 0
 . . w x  .proof of 2.3 3 we have seen that V, z, S F C Q and the action of0 V 3
w x  . w x w xG on V yields V , Q F C Q s V , x s V, z . Since Q acts1 1 1 2 V 2 1 3
w x w xquadratically on V , V , Q s 0, and S s Q Q Q , this implies V , S1 1 1 0 1 2 3 1 0
w x w  . xF V, z . From the action of G on VrV we get C z , S F V and1 1 V 0 1
w x  . w x  . w xV, Q F C z . As V, Q , Q F C Q and V, Q F V we have2 V 3 3 V 3 1 1
w x  .  .V, Q , S F C z . This means that S stabilizes the series 0 F C Q3 0 V 0 V 3
w x  . w xF V, z F V F C z F V, Q F V.1 V 3
w x  .In Section 2 of Row there is given an embedding 3S F L 2 and we6 6
 .  .will use this as a starting point for our embedding of GrC V F L 2 .G 12
 .But we choose another basis of the 6-dimensional GF 2 -vectorspace,
 .which seems to be more adapted to our situation. Let ¨ s 110011 ,1
 .  .  .  .  .¨ s 100010 , ¨ s 111100 , ¨ s 101000 , ¨ s 000011 , ¨ s 000010 .2 3 4 5 6
w xBy Row , 3 A can be generated by elements a , b , x , y which, with6 0 0
 4respect to the basis ¨ , ¨ , ¨ , ¨ , ¨ , ¨ , correspond to the following1 2 3 4 5 6
matrices it is well known that the 6-dimensional 3S -module can be6
 .regarded as 3-dimensional 3 A -module over GF 4 and, whenever possi-6
 .ble, we will write matrices over GF 4 to make them more readable,
1 0 0 1 0 0
a s , b s ,0 1 0 1 1 0 /  /0 1 1 1 0 1
0 1 0 1 0 0
x s , y s1 1 0 v 0 10 0 /  /0 0 1 1 1 1
where
0 1 1 0 0 0
v s , 1 s , 0 s . /  /  /1 1 0 1 0 0
 .THE 3U 3 -AMALGAM4 349
Identifying ¨ , . . . , ¨ with the corresponding vectors of V we may1 6 1
ÄX  : < < <assume that 3 A ( G s x, y, s, t where x s x , y s y , s s aÃ Ã ÃV V V6 1 0 01 1 1
and
1 0 0
<t s aba s .1 1 0ÃV1  /0 0 1
Then the following relations hold:
43 3 2 2 t y1 qs y1x s y s s s t s st s 1, x s x , y s y , .
2x x y yq s s, s s qs, q s t , t s qt , where q s st . 1 .  .
Ä Ä Ä Ä Ä Ä Ä :  :  :  4Let S s s, t , P s S, y , and P s S, x . Then P , P is a2 3 2 3
ÄX Ä Ä Ä Ä Ä .  :  .parabolic system for G , S s P l P g Syl G , t, q s O P , and1 2 3 2 1 2 2
Ä :  .s,q s O P .2 3
 .  :.  :  .  :Obviously C Q s C t, q s ¨ , ¨ and C x s ¨ , ¨ . Fur-V 3 V 1 2 V 5 61 1
 . . w x w x  :ther, by 2.3 2 we have V, z s V , x s ¨ , ¨ , ¨ , ¨ .1 1 2 3 4
 .  . rLet r be as in 2.3 . By 2.3 there exist ¨ , ¨ g V such that ¨ s ¨ ,7 8 5 7
r r r w x  .  :¨ s ¨ q ¨ , ¨ s ¨ , ¨ s ¨ q ¨ , V, r s C x s ¨ , ¨ , ¨ , ¨ , and7 5 7 6 8 8 6 8 V 5 6 7 8
 .  :C z s ¨ , . . . , ¨ .V 1 8
 . w x w x  .By 2.1 , we have V, Q , z F V, Q , Q F C Q , and since3 3 3 V 3
<w x  . < 2 w x w xV, Q : C z s 2 , there are ¨ , ¨ g V, Q such that ¨ , z s ¨ ,3 V 9 10 3 9 1
w x w x¨ , z s ¨ . We even may choose ¨ , ¨ g V, x which implies that10 2 9 10
there exist ¨ , ¨ g V such that ¨ x s ¨ , ¨ x s ¨ q ¨ , ¨ x s ¨ ,11 12 9 11 11 9 11 10 12
x w x w x x w x x x¨ s ¨ q ¨ . We easily calculate ¨ , z s ¨ , z s ¨ , z s ¨ s ¨12 10 12 11 9 9 1 3
w x  4and ¨ , z s ¨ . So with respect to the basis ¨ , . . . , ¨ for the elements12 4 1 12
  ..x, r, z we get the following matrices again written over GF 4 :
1 00 1 0
0 1O1 1 0
0 0 1 0 1x s , r s ,1 11 0 0
O 0 0 1 0 1 0 0
0 1 1 0 1
1 0 0
0 1 0 O
0 0 1z s .
0 0 0 1 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1
 . .  .Next we determine the matrix for t. By 2.3 1 we have ¨ , ¨ g C t .7 8 V
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w x w x  .Since t g Q and ¨ , ¨ g V, Q , we have ¨ , t g C Q for i s 9, 10.3 9 10 3 i V 3
< w xThe matrix for t shows that then ¨ q w , t s 0 for suitable w gV i i i1
 :¨ , ¨ . If we replace at the same time ¨ by ¨ q w and ¨ by3 4 i i i iq2
¨ q w x, we do not have to change the matrices for x, r, and z. Henceiq2 i
 .w.l.o.g. we may assume that ¨ , ¨ g C t . Now9 10 V







O 0 1 0 0
0 1 1
u y1 w x  :Let u g Q with r s r and u, x s 1. Then x, r, t, u satisfies the1
 . w x w x w r x w xrhypothesis of 2.4 . We have V , u s 0, ¨ , u s ¨ , u s ¨ , ur s ¨ ,1 7 5 5 5
w x  .2and ¨ , u s ¨ . From ut s z we calculate8 6
tw x¨ s ¨ , z s ¨ , uu1 9 9
t tut w x w x w x w xs ¨ , u q ¨ , u s ¨ , u q ¨ , u s ¨ , u , t .9 9 9 9 9
w x  .Therefore ¨ , u s ¨ q w for some w g C t . On the other hand u9 3 1 1 V1w x w w  :  :acts on V, x , hence ¨ , u g ¨ , ¨ , ¨ , ¨ and w g ¨ , ¨ . Similarly9 1 2 3 4 1 1 2
w x  :we get ¨ , u s ¨ q w , w g ¨ , ¨ . But uz satisfies the same rela-10 4 2 2 1 2
w x e  4tions as u and ¨ , z s ¨ . So we may assume w s ¨ , e g 0, 1 . Suppose9 1 1 2
w x w x w xe s 0, i.e., ¨ s ¨ , u g V, u . As x acts on V, u , we must have ¨ s3 9 1
w x w x <w x w x < < : < 3¨ , x g V, u , too, and V, u l V , x G ¨ , ¨ , ¨ q w s 2 in3 1 1 3 4 2
 . w x w x w x xcontradiction to 2.4 . Hence ¨ , u s ¨ q ¨ and ¨ , u s ¨ , u s9 2 3 11 9
 . w x w x w x¨ q ¨ q ¨ . Again by 2.4 , ¨ , u s ¨ , u q ¨ , u s ¨ q ¨ q ¨1 3 4 10 9 11 1 2 4
w x w x xmust hold. From this we also calculate ¨ , u s ¨ , u and get12 10
1 0 0
0 1 0 O
0 0 1
u s .0 0 1 1 0 0
v 1 0 0 1 0 0
21 v 0 0 0 1
 .  . w xAs in the proof of 2.3 let C Q F W F V, Q , i s 1, 2, such thatV 3 i 3
3w x <  . <w xW , L F W and V , Q s W [ W . Then W l C r s 2 and ¨ , ¨ ,i 3 i 3 1 2 i V 3 41
 .THE 3U 3 -AMALGAM4 351
 :L3or ¨ q ¨ g W . It is not difficult to see that if we set W s ¨ , ¨ , ¨ ,3 4 i 1 1 2 3
L L3 3 :  : w xW s ¨ , ¨ , ¨ , and W s ¨ , ¨ , ¨ q ¨ , then V , Q s W [ W2 1 2 4 3 1 2 3 4 3 i j
 4  4for each pair i, j ; 1, 2, 3 .
From the matrices for y and r we see that ¨ , ¨ g W , ¨ , ¨ g W , and5 7 1 6 8 2
<  . < 4¨ q ¨ , ¨ q ¨ g W . As C r s 2 , there must be further elements5 6 7 8 3 Wi
 .  :x g C r . Explicitly, we can write x s u q w with 1 / u g ¨ , ¨i W i i i i 9 10i
 .  : w xand w g C r s ¨ , ¨ , ¨ , ¨ . With x g W , we also have x , u g Wi V 1 2 3 4 i i i i1w x w xand u , u s x , u g W l V implies that u s ¨ , u s ¨ , u s ¨ qi i i 1 1 9 2 10 3 9
¨ . Hence10
 :W s ¨ , ¨ , ¨ , ¨ , ¨ , ¨ q w ,1 1 2 3 5 7 9 1
 :W s ¨ , ¨ , ¨ , ¨ , ¨ , ¨ q w ,2 1 2 4 6 8 10 2
 :W s ¨ , ¨ , ¨ q ¨ , ¨ q ¨ , ¨ q ¨ , ¨ q ¨ q w .3 1 2 3 4 5 6 7 8 9 10 3
 .  .  :.From now on let VsVrV . It follows from 1.3 and 2.1 that C s, q s1 V
w  :x  .  :.  :  . .w xV, s, q s C x , so C s, q s V, z s ¨ , . . . , ¨ by 2.3 2 andV V 1 8
our choice of the vectors ¨ , . . . , ¨ .1 12
Ä  .  . . w x .As s is conjugate to t in G by 1 , 2.3 3 yields dim V, s l V s 2,1 1
w x w x  : s w xi.e., V, s l V s V , s s ¨ , ¨ . Now W s W implies that ¨ , s g1 1 3 4 i i 7
w x  : w x  : w x w xV, s l V l W s ¨ , ¨ , s g ¨ , ¨ , s s ¨ q w , s s ¨ q ¨ 9,1 1 3 8 4 9 9 1 7
w x  :  :and ¨ , s s ¨ q ¨ 0 with ¨ 9 g ¨ , ¨ , ¨ , ¨ , ¨ 0 g ¨ , ¨ , ¨ , ¨ .10 8 1 2 3 5 1 2 4 6
w xMoreover, from q g Q and ¨ , ¨ g V, Q we deduce3 9 10 3
x xx x  :w x w x w x¨ , s s ¨ , q s ¨ , q g V , Q , Q s ¨ , ¨ ,11 9 9 3 3 3 4
w x  : xy1similarly ¨ , s g ¨ , ¨ . As q s s we get matrices of the shape12 3 4
1 0 01 0 0
0 1 0 O0 1 0 O
1 0 10 1 1s s , q s , 2 .a 0 0 1 0 00 a 0 1 0 0
e 0 0 0 1 0b c d 1 1 0 0  0
f b d 1 0 10 e 0 0 0 1
) 0 .where a, c, and d have the form and the equation f s b q c q e0 )
holds.
 y :In G one can calculate that Q l Q s z, z , q . Now r g P acts on1 2 3 1
r ry1  y:  r .  ry1 .Q l Q , so q or q g z, z . Therefore, ¨ , ¨ g C q or C q2 3 5 6 V V
 .and ¨ , ¨ resp. ¨ q ¨ , ¨ q ¨ g C q . In terms of the above matrices,7 8 5 7 6 8 V
r  y:we have a s 1 iff q g z, z and a s 0 otherwise. But if we replace at
the same time r by ry1, ¨ by ¨ q ¨ and ¨ by ¨ q ¨ , we do not7 5 7 8 6 8




0 1 0 O
0 0 1 ,
1 1 0 0
O 0 1 0 0
0 0 1
.which commutes with the matrices for x, r, z, t, and u. Hence w.l.o.g. we
can assume a s 0. Then from q2 s 1, we also get d s 0.
Comparing the matrices for qs obtained by multiplying q and s on the
one hand and by using the relation qs s s x on the other hand, one sees
that b s c s e s f and
1 0 0
0 1 0 O
1 1 1qs s .
0 0 0 1 0 0
0 b 0 1 1 0 0
b 0 0 1 0 1
 . w xThe matrices of 2 show that ¨ , q s ¨ q u for suitable u g V ,11 7 1 1 1
w x w x w x w xand since V, L F V, Q , there exists u g V, Q such that ¨ , y s3 3 2 3 11
u . Using the relation q y s t we calculate2
yy y yw x w x w x¨ s ¨ , q q u s ¨ q u , t q u s ¨ q u , t q u .7 11 1 11 2 1 9 2 1
and
yy w x w x w x¨ s ¨ , t s ¨ q u , qt s ¨ q ¨ q u q u , qt .9 11 11 2 7 9 1 2
 w x w x  : .Notice that u , t , u , qt g ¨ , ¨ . Analogous calculations for ¨ and2 2 1 2 8
¨ yield10
0 1 0
< 1 1 0y s , for some 2,2 -matrices g , h. 3 .  .V  0g h 1
The relation y qs s yy1 implies h q g s 1.
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 .4Let n s yx . Then
v 2 0 0
2 Ä<  :n s , i.e., n s O G .0 v 0  .V 3 11  020 0 v







w x  :  :Remark 2. Obviously we also have n, r s 1. So n e r, G s G1}
 .and we can in fact consider V as a 6-dimensional module over GF 4 .
4 2 . <If we now calculate the matrix for yx V, we see that g s v for the
 .matrix g in 3 . Hence
1 0 0
v 0 1 O
1 1 1
y s , 4 .a b g 0 1 0
d e z 1 1 0 0
2h q i v v 1
 24 w xwhere a , . . . , i g 0, 1, v, v because of n, y s 1. Next we eliminate the
 .variable b in 2 . We have
yy1 yy y w x¨ , z s ¨ , z s ¨ q ¨ q ¨ q ¨ , z s ¨ q ¨ ,11 11 7 9 10 11 1 5
y yw x¨ , zz s ¨ , z q ¨ , z s ¨ q ¨ q ¨ ,11 11 11 1 3 5
and
y1y1 re er¨ , q s ¨ q ¨ q ¨ s ¨ q ¨ q ¨ .  . .11 1 3 7 1 3 5
 4   .. ry1  y:for some e g 0, 1 recall that d s 0 in 2 . Our convention q g z, z
w xand ¨ , z s ¨ imply that e s 1. Analogous calculations with ¨ yield11 3 12
 :b s 1. So the matrices for L s x, r, s, t, z, u are determined.2
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2 .  :To get a uniquely determined action of O G s L , y , it remains to2
 .determine the variables a , . . . , i in 4 . This will be done by some lengthy,
 .but not difficult matrix calculations involving the relations in 1 . First,
2  .2qy s yt implies b s 0, g s e s 1, and q s a q v . From yqs s 1 we
deduce that d s 0 and i s a q 1. Finally, y3 s 1 yields h s 0 and
a b g a 0 1
d e z 0 1 0s s y .a 02 0 0 a q v a q 1h q i
Let
1 0 0
0 1 0 O
0 0 1T s .a 0 0 0 1 0 0
a 0 0 0 1 0 0
0 a 0 0 0 1
<T y OVa 1 . w xThen y s and L , T s 1, which means that we may assume<y y 2 aV0
a s 0 and the action of y is determined.
 :LEMMA 2.5. If K ) Q , then K s k, Q where1 1 1 1
1 0 0
0 1 0 O
0 0 1
k s .0 0 0 1 0 0
v 1 0 0 1 0 0
21 v 0 0 0 1
Proof. Calculation with the permutation module shows that we may
w x w x w x tchoose k such that k, x s k, s s k, q s 1 and kk s z. These rela-
tions easily yield
1 0 0
0 1 0 O
0 0 1k s .
0 0 0 1 0 0
a 1 0 0 1 0 0
1 a q 1 0 0 0 1
w x  y y x y x y:  24As k, y g Q s z, z , z , z , we must have a g v, v . But these1
two possibilities correspond to the elements k and kz and the lemma is
shown.
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Ä Ä ÄX :LEMMA 2.6. If G ( G rK ( 3S , then G s G , g with1 1 1 6 1 1
¨ 0 0
0 ¨ 0 O
0 0 ¨ 1 0g s , where ¨ s . /1 10 0 0 ¨ 0 0
¨ 0 0 0 ¨ 0 0
0 ¨ 0 0 0 ¨
w xProof. Once more we start from the description of 3S in Row and6
Ä < w xchoose g g G such that g corresponds to the element g in Row .V1 1
With respect to our basis we have
¨ 0 0
<g s 0 ¨ 0V1  /0 0 ¨
w x w xwith ¨ as in the statement of the lemma. Using the relations g, x s g, z s
w xg, s s 1, which we derive from the relations for g and the fact that
g g S, we calculate
¨ 0 0
0 ¨ 0 O
0 0 ¨g s .
0 0 0 ¨ 0 0
a b 0 0 ¨ 0 0
b a q b 0 0 0 ¨
w x w xNow b s 0 follows from g, t s 1 and a s ¨ follows from y, qg s 1.
< < 7  :  :Proof of Theorem 2. If S s 2 then G s x, y, t, s, z, r , where z s
  ..  .  .V Z S and x, y, t, s, z, r satisfy the relations in 1 resp. 2.4 . We have1
 .  .shown above that the embedding GrC V F L 2 is uniquely deter-G 12
 .mined up to conjugation. As 3U 3 is known to possess a parabolic system4
 .  .satisfying ) and to act faithfully on a 12-dimensional module over GF 2 ,
 .  .  .we get GrC V ( 3U 3 . Since even the group 3U 3 4 acts on thisG 4 4
 .  .  .  .  .module, from 2.5 and 2.6 we get GrC V ( 3U 3 2 or 3U 3 4 ifG 4 4
8 9< <S s 2 resp. 2 .
<  . < < < 6 < <Remark 3. If K ) Q , then V : C K s V : V s 2 s 2 ? K and1 1 V 1 1 1
V is an F -module with offending subgroup K . Furthermore, if we choose1 1
 . w x  :k g K _ Q as in 2.5 , then V, k s ¨ q ¨ , ¨ q ¨ q ¨ . Hence1 1 2 3 1 2 4
<w x < 2 < : <  :V, k s 2 s 2 ? k and k is also an offending subgroup.
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 .Proof of Theorem 1. In 1.5 we have shown that G has no F-modules,
that V and G satisfy the hypothesis of Theorem 2, if V is an F -module,1
< < 8and that K ) Q , i.e., S G 2 , in that case. Now Theorem 2 yields the1 1
rest of the assertion.
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